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ABSTRACT. Let M be a complete Riemannian manifold with sectional
curvature K <0, S¥ the unit tangent bundle of ¥, T the geodesic flow on
SM and @ SM the set of nonwandering points relative to T,. T, is topo-
logically mixing (respectively topologically transitive) on SM if for any open
sets O, U of SM there exists A >0 such that |¢| 2 4 implies T(O)n U =
& (respectively there exists t € R such that T(0)n U # &). For each vec-
tor v € SM  we define stable and unstable sets WS(v), WSS(v), Wu(r) and
Wuu(v), and we relate topological mixing (respectively topological transitivity)
of T, to the existence of a vector v € SM such that WSS(v) (respectively
Ws(v)) is dense in SM. If M is a Visibility manifold (implied by K< ¢ < 0)
and if @=SM then T, is topologically mixing on SM. Let S, = {Visibility
manifolds M of dimension n such that T, is topologically mixing on SM1.
For each n 22, S, is closed under normal (Galois) Riemannian coverings.

If MeS, we classify {v e SM: WSS(v) is dense in SM}, and M is compact
if and only if this set = SM. We also consider the case where @ is a proper
subset of SM.

Introduction. Let H be any complete, simply connected Riemannian mani-
fold with sectional curvature K < 0. Each equivalence class x of asymptotic
geodesics in H determines a family of parallel limit spheres with center x.

Unit vectors v, w tangent to H are weakly asymptotic if the geodesics y, and
Y, that they determine are asymptotic. v and w are strongly asymptotic if, in
addition, their points of tangency lie on the same limit sphere determined by the
equivalence class of y and y,. v and w are weakly (strongly) unstably asymp-
totic if - v and - w are weakly (strongly) asymptotic. Let WS(v), W5(»),
W), W**(v) be the collections of weak, strong, weak unstable and strong un-
stable asymptotes of v. These sets will be called the stable, strong stable, un-
stable and strong unstable sets determined by v. A complete manifold M with

K < 0 may be represented as a quotient H/D where D is a properly discontin-
uous group of isometries of H. If M = H/D we define the stable and unstable
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sets in the unit tangent bundle of M by projection; if #: H — M is the projec-
tion, then WS°(m,v) = #,W**(v) for any unit vector v tangent to H and similarly
for the other sets.

The sets W®, WS W“ and W““ are defined for each unit vector v tangent
to an arbitrary manifold M with K < 0 and coincide with the usual stable and
unstable manifolds if M is compact with K < 0. These sets (primarily W*°)
were first studied as horocycles by Hedlund [12] and Grant [9] and applied to
the geodesic flow of surfaces of constant negative curvature and certain kinds
of variable negative curvature. Horocycles were later generalized to stable and
unstable manifolds, which are defined for flows more general than the geodesic
flow on a compact manifold with K < 0. The generalization of horocycles to the
stable and unstable sets defined here appears to be a natural way to study the
geodesic flow on an arbitrary complete manifold M with K < 0. The relationship
of these sets (which possibly are not manifolds) to the geodesic flow appears
clearly in S4, especially in Propositions 4.6 and 4.11.

The connection between the sets W® and W°° and the properties of topo-
logical transitivity and topological mixing occurs in Theorems 4.14, 4.15 and
4.16. In Theorem 4.15 we allow {} to be any subset of the unit tangent bundle
of M. We considered in [6] those manifolds M without conjugate points whose
simply connected Riemannian covering H satisfies the uniform Visibility axiom,
and we showed that if {1 = SM, the unit tangent bundle of M, then the geodesic
flow is topologically transitive on SM. At the end of $4 we indicate the dif-
ficulties involved in proving the topological mixing of the geodesic flow on SM
by the method used here.

$5 contains results on the existence and classification of vectors v € Q
such that @ C WS$(v). The main applications and results are in §6. We note
that the geodesic flow is topologically mixing for certain manifolds M = H/D
with some zero curvature (Theorem 6.4) and for many noncompact manifolds M
with infinite volume (Theorem 6.5).

The stable and unstable sets offer a promising way to investigate ergodic
and metrical mixing problems of the geodesic flow on SM, where M is any com-
plete manifold with K < 0. For example, we define a set A CSM to be WS in-
variant if W*(v) C A whenever v € A. Is the geodesic flow in SM ergodic if it
is true that, for any W* invariant set A, either A or SM — A has measure zero
relative to the natural flow invariant measure on SM? Is the geodesic flow in
SM metrically mixing if the corresponding property for W° invariant sets A C
SM holds? Questions of this sort should be answered.

1. Notation and preliminaries. For any Riemannian manifold M we denote

the Riemannian structure by (, ), the Riemannian metric by d and the sectional
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curvature by K. If p € M let S(p) be the unit sphere in the tangent space M,
and let SM be the unit tangent bundle of M with the projection p: SM —M. If
v, w € S(p) the angle 6 = X (v, w) is the unique number 0 < 6 < 7 such that
(v, w) = cos 6. If M is complete and v € SM, let y : R — M be the geodesic
such that y:l (0) = v. We shall assume that all geodesics have unit speed and
are defined on the entire real line unless otherwise indicated. A geodesic seg-
ment is a geodesic defined on a compact interval.

A Hadamard manifold H is a complete, simply connected Riemannian mani-
fold of dimension 7 > 2 with curvature K < 0. H will always denote a Hadamard
manifold. If p # g are points in H, let Ypq be the unique geodesic such that
ypq(O) =p and y, () = g where ¢ = d(p, q) The angle X (m n) subtended at
p by points m, n of H distinct from p is 4 (y (0), yp (0))

The complete manifolds M with curvature K < 0 are the quotient manifolds
H/D where H is a Hadamard manifold and D is a properly discontinous group
of isometries of H. D will always denote such a group; m: H — M = H/D will

always denote the projection and 7,: SH — SM the differential map of n.

We list some basic definitions and results (mostly without proofs) that are
discussed in great detail with proofs in §1 and $2 of [8]. See also [7].

Definition 1.1. Geodesics a and B in H are asymptotic if there exists a
number ¢ > 0 such that dlat, Bt) < c for all ¢t > 0. Geodesics y, o in H/D
are asymptotic if they have lifts a, 8 in H that are asymptotic.

The asymptote relation is an equivalence relation on the set of geodesics
in H and in H/D. A point at infinity for H is an equivalence class of asymp-
totic geodesics of H. For any geodesic y in H let y(x) denote the asymptote
equivalence class of y and y(- =) the class of the reverse curve 1 — Y~ 1).
Note that y(=) £ y(~ =) since y realizes the distance between any two of its
points. Let H(x) be the set of points at infinity for H, and lec H = H U H(co).
For any point p € H let B be the closed unit ball in H_; we define a bijection
F,: B, — H and F,(S(p)) = H(e). Let FF o) = exp, /1~ o]} if [l <1
and let F (v) =y, (=) if [lv]| = 1. For each p there is a unique topology on
H such that I'p is a homeomorphism. These topologies coincide for each 4
with the cone topology defined invariantly in §2 of [8], and H is a dense open
subset of H We shall later define the horocycle topology for H, but in the
sequel we shall always mean the cone topology if the topology of H is unspec-
ified.

If p €l and x € H(), there is a unique geodesic Y px such that Vs (0) =
p and Vs (oo) =x. If p €M is distinct from points a, b in H, then the angle
/I (a, b) subtended at p by ¢ and b is X (ypa(O) ypb(O)) If SCH is any
set not containing p € H, then the angle X »(5) subtended at p by S is
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supwp(a, b): a €S, b €S}. The following results are basic and natural.

Proposition 1.2. Let A ={(p, b) € Hx H: p £ b}. The vector function
V: A — SH given by V(p, b) = yp'b(O) is continuous, and V| H x H(=) is a homeo-

morphism onto SH.

Proposmon 1.3. The angle function X (a b) is continuous on {(p, a, b) €
HxHxH: pta,p#bl.

Proposition 1.4. The function 2 SH x [- =, ] — H given by ¢(v, t) = yv(t)

is continuous.

It follows from Propositions 1.2 and 1.3 that if x € H(=) and v, < Hisa
sequence, then p, — x if and only if 4 (p . x) — O for any point p € H.

If ¢ is an isometry of H and if x is any point in H(x) we define ¢(x) =
(¢ ©a)(=) where a is any geodesic representing x. ¢ extends to a well-defined
homeomorphism of H. A properly discontinuous group D of isometries of H be-
comes a group of homeomorphisms of H. The limit set L(D) of D is the set of
accumulation points in H(s) of an orbit D(p), where p is any point of H. By the
corollary of the law of cosines immediately following Proposition 2.1 in $2,
L(D) does not depend on the point p. If D is not the identity, then L(D) is a
nonempty closed subset of H(w) that is invariant under D.

If x and y are distinct points in H(x), a geodesic a of H is said to join
x to y if al- ) =x and a(e) =y. H satisfies Axiom 1 (Axiom 2) if for any
points x £y in H(e) there exists at least (at most) one geodesic joining. x to y.
Both axioms are satisfied if the curvature of H satisfies K< ¢ < 0. Axiom 1 is
perhaps the most important single geometric property of such manifolds. There
are several equivalent formulations of Axiom 1 and we mention two of the most

useful ones.

Proposition 1.5. The following properties are equivalent in an arbitrary
Hadamard manifold H:

(1) H satisfies Axiom 1.

(2) Let x be any point in H(), b, @ sequence in H converging to x, and
W a neighborhood of x in H. Then l (H W) — 0.

(3) For every point p € H and every €> 0 there exists a number r = r(p, ¢)
with this property: if o: la, bl = H is a geodesic such that dp, 0) > r, then

ZIp(oa, ob) < e.

Property (3) is referred to as the Visibility axiom in (6], 7], and 18] since
distant geodesics look small. If r can be chosen to depend only on ¢, then we

have the uniform Visibility axiom.
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Definition 1.6. M = H/D is a (uniform) Visibility manifold if H satisfies

the (uniform) Visibility axiom.

Proof of Proposition 1.5. The assertions (3) = (2) and (3) = (1) are proved

in [8] in Proposition 4.7 and the discussion following Proposition 4.4. Lemma
4.3 of [6] states that if property (3) fails in H, then there exist points x £ y in
H(e) such that zIp(x, y) < m/2 for every point p € H. The assertion (1) = (3)
now follows immediately. An independent proof of this fact may be found in [15].
To prove (2) = (3) we need only show that for any two points x £y in H(e) there
exists a point p in H such that lp(x, y) > m/2. Assume that (2) holds and let
points x # y be given. Let y be a geodesic in H such that y() = x, and let W
be a neighborhood of x in H that excludes z = Y- ) and y. y(t) — Ae) as
t — o by Proposition 1.4, and therefore by property (2), if ¢ is sufficiently large,
then lyt(z, y) <m/2 and ZIyt(x, y)=m- zIyl(z, y) > a/2.

Remark 1.7. Let H satisfy Axiom 1.

(1) If 7= #(p, €) as in property (3) and if @ is a geodesic in H such that
d(p, a) >r then ZIP(O-) <e.

) If a. is a sequence of geodesics in H such that d(p, an) — o then
4la)— 0.

2. Limit spheres and the horocycle topology. In this section we define and
list some basic properties of limit spheres (horospheres). In dimension two
these are classically referred to as horocycles and were first used systematically
by Hedlund to study the geodesic flow on a compact surface of constant or nearly
constant negative curvature. We extend his idea to arbitrary manifolds M = H/D.
Our approach is modeled on that of Busemann [5].

Proofs of some assertions are omitted and may be found in $3 of [8].

Our goal is to define “"spheres’” in H whose ‘‘center’’ is a point x € H().
These spheres should share many of the properties of finite spheres with centers
in H. For example, a sphere should be uniquely determined by a point p € H and
the center x € H(~), and it should vary continuously with the point p and the
center x. There should be some way to measure the relative proximity of points
p, g in H toa point x € H(x). Points p and g should lie on the same sphere
with center x if they are ‘‘equidistant’’ from x. By adapting an idea of Buse-
mann we make these vague notions precise by defining an essentially unique
radius function for each point x € H(e) whose level sets are the spheres with
center x. Busemann’s radius function may be defined in any G-space although
the spheres he obtains as level sets are not well behaved without some nice
properties of the space. The law of cosines in a Hadamard manifold H is a nice
property and removes all difficulties.

The following result is useful.
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Proposition 2.1. If A, B, C are three noncollinear points in H, then the geo-
desic triangle they determine with sides of length a, b, and c and opposite angles
a, B and 7y satisfies these relations:

(1) ¢<b cosa+acosf

(2) 1=cos y<c?/2ab.

Proof. The law of cosines states that ¢? > a® + b% - 2ab cos y. Thus b?
>a? + ¢? = 2ac cos B> b% + 2¢? - 2bc cos a - 2ac cos B. Simplifying we find
that 0> c — b cos @ — a cos B which proves (1). To prove (2) we note that c? >
a? + b2 = 2ab cos y = (a - b)? + 2ab(1 - cos y) > 2ab(1 - cos y).

It follows from (2) above that if p, 4, and 7 are sequences in H such that
d(pn, qn) — o and d(qn, rn) is bounded above, then Zp,,(qn’ rn) — 0.

Definition 2.2. Let B: SH x H — R be defined by Blv, p) =
lim, d(p, yvl) -t

B is well defined since ¢t — d(p, yvl) — ¢ is monotone nonincreasing by the
triangle inequality and bounded below by —d(p, y_0).

A function [: [a, 8] = R is convex on la, b] if for any 0 <A <1,
fa + (1 =A)B) <Af(a) + (1 = Af(b). f: H— R is convex if for any geodesic a,

[ oa: R — R is convex.

Proposition 2.3. (1) For fixed v € SH, the function p — B(v, p) is a uni-
formly continuous convex function on H such that |B(v, p) - Blv, q)| < d(p, ¢).
(2) B: SHx H — R is continuous.

Proof. (1) The triangle inequality shows that |B(v, p) - B(v, q)| < d(p, q)
and uniform continuity follows from this inequality. Let a geodesic segment a:
la, 6] = H and 0<A <1 be given. Fix s> 0. By Proposition 4.7 of [4] the
function p — d(yus, p) is a continuous convex function and hence
dly s, alda + (1 - M) < )\d(yvs, aa) + (1 - Adly s, ab). Hence
d(y,s, aa + (1 = A)p)) - s < Mdly s, aa) - s} + (1 - Md(y s, ab) - s}. Letting
s — + = on both sides of the inequality we conclude that B is convex.

(2) For each t> 0 let Bt: SH x H — R be given by Bl(v, p) = d(p, yvt) -
t. For each t> 0, B, is continuous and B, = B pointwise as t — + . To
prove the continuity of B it suffices to prove that for every compact set C C
SH x H and every €> 0 there exists a number T = T(C, ) such that, for ¢t > T,
|B, - B| <€ on C. This result will follow from

Lemma 2.4. Let T >0 be given. If s>T,t>T then lBl(v, p) - Bs(u, )|
< d*(p, w)/T where p: SH — H is the natural projection.
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Proof.

7-0
6/ N\ 8]
v, 0 =pv Y, ! VS
Figure 1
et s >¢>T >0 and (v, p) € SH x H be given. Let 0=X (p,;w),8=

l,y (p» pv). Since B, is decreasing in t, 0< B (v, p)-B (1/ p) =(s-t)+
dp, v, = dp, y,s). By Proposition 2.1 (s —#) < d(p, Yy t)cos (7 -0) +
dp, y, s)cos 8. Thus B (v, p) - B (v, p) <dlp, y )1 = cos ) + d(p, y,5)
- (1 = cos 8). By Proposmon 2.1 (2) dp, Y, )1 = cos 6) < d*(p, p)/2t <

d*(p, pv)/2T. Similarly d(p, yvs)(l - cos 5) <d*(p, w)/2T and the result fol-
lows.

Definition 2.5. Define a: Hx Hx H — R as follows:

(1) If x € H() then a(p, x, q) = B(V(p, x), q) where V is the vector func-
tion of Proposition 1.2.

(2) If x € H then alp, x, q) = d(g, x) - dp, x).

This function is a generalization of the a-function of Busemann [5, p. 131]

and measures the relative distances of finite points p, g to a point x € H(e).

Proposition 2.6. o is a continuous function with respect to the product

topology on H x HxH.

Proof. We shall show that for any point (p, x, g) € H x H x H and any se-
quence (pn, L qn) converging to (p, x, g) it follows that a(pn, X qn) con-
verges to alp, x, q). If suffices to consider only the cases where x, C H(so)
for every n and where x C H for every n and dp, xn) is unbounded.

If x C H(=) for every n, then alp , x , q,)=BWV(p ,x ), q)—

B(V(p, x), q) = a(p, x, q) by the continuity of B and V. Now suppose that
x,C H for every n and let v = Vip, xn), v=V(p,x), s, = d(p, xn). S, T
and v, is well defined for n sufficiently large. a(p 2 X g, ) = d(q %, ) -
d(p x )—d(q Yo, S )—s +d(p,x )—d(p x, )—B (v 9, )+d(p,x ) -
d(p x )—*' B(v, q) = B(V(p, x), q) = a(p, X, q) since v —v,p, —b, 9, —9q
and B_ — B uniformly on compact subsets by Lemma 2 4.

Defmmon 27, If y= Y, is a geodesic in H then the Busemann function
[+ H — R is given by /y(q) =B, q) = limt__+wa'(q,yt) -t
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If v=V(p, x) then [, (q) = alp, x, ). Busemann functions have the following

properties.

Proposition 2.8. (1) For each geodesic vy, /y is a uniformly continuous con-
vex function such that V'y(P) - fy(q)‘ <d(p, q).

(2) If y and B are asymptotic geodesics then [7 - /ﬁE /y(,BO) in H.

(3) If y and B are asymptotic geodesics, then /y(Bt) - /),(/35) =s -1t for
every s € R, t € R,

Proof. (1) is merely a restatement of Proposition 2.3. To prove (2), let p
and ¢ be points in H and x a point in H(w) such that y = Vpx 20d B=7y,, -
We must show that for any point r in H, alp, x, r) — alq, x, r) = alp, x, g). If
x is any sequence in H converging to x, then by Proposition 2.6, alp, x, 1) =
limn_m{d(r, xn) - d(p, xn)§ and alg, x, r) = lim _ {d(r, xn) - d(q, xn)i. Hence
alp, x, r) - alg, x, ) = lim _ {d(g, x ) - dp, x )} = alp, x, g} by Proposition
2.6. (3) For any geodesic f3, /ﬁ(Bt) =—t. If y and B are asymptotic geodesics,
1,(B) = 1,,(Bs) = 14B0) - [ABs) = s —t by ().

If x € H(») and if y is a geodesic representing x, we call /y a Busemann
function at x. If { is a Busemann function at x and if p is any point in H,
then the limit sphere at x through p is the set L(p, x) = {q € H: fq = [p}. The
limit ball at x determined by p is the set N(p, x) ={g € H: fq < {p}. By the
preceding proposition, these definitions are independent of the choice of the
function [ at x; the Busemann function at x is unique up to an additive con-
stant. It is easy to verify that L(p, x) is the topological boundary of N(p, x)
and that N(p, x) is the convex open set Ul>0 N (a) where a = Ypyx and Nf(ar)
is the open ball with center at and radius ¢.

The result below follows easily from the definition of limit sphere and Prop-
osition 2.6.

Proposition 2.9. Let p, g be points in H, x a point in H(eo).

(1) g € L(p, x) if and only if p € L{g, x).

(2) q € L(p, x) if and only if p and q are equidistant from x; that is, if
a, is any sequence in H converging to x, then |d(p, an) - d(q, an)i — 0.

(3) If ¢ is an isometry of H then ¢L(p, x) = L(pp, ¢x).

The following observations show that a Busemann function / is indeed a
radius function whose value at a point p is the signed distance to the limit
sphere /71(0). (1) and (2) follow from the discussion above and Proposition 2.8.
(3) and (4) are Propositions 3.2 and 3.3 of [8].

Let / be a Busemann function at a point x € H(x), and let L be a limit
sphere at x. Then
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(1) The limit spheres at x are the level sets of f.

(2) Each geodesic y representing x meets L precisely once.

(3) Let 3, : H — L be the function that sends p € H to the unique point at
which Ypx Meets L. Then for any p € H, nL(p) is the unique point of L near-
est p.

(4) Limit spheres at x are parallel; that is, if L' is another limit sphere at
x and if p € L, p' € L' are arbitrary, then &L, L') =d(p, L') = dp', L) = |fL -
L' =17p- 'l

Next we show that a limit sphere L(p, x) depends continuously on the points
p and x.

Proposition 2.10. Let L(p, x) be a limit sphere in H, and let q € L(p, x).
For any open set O of H containing q we can find open sets A and B of H
and H(w) such that (p, x) € Ax B and if (p', x') € Ax B then L(p', ¥) N 0 £g.

Proof. a(p, x, q¢) = 0 where a is the function of Definition 2.5. Given an
open set O of H containing g, choose ¢ > 0 so that O contains the open ball
of radius ¢ and center g. By the continuity of a we may choose open sets A
and B of H and H(w) suchthat (p, x) € A x B and if (p', x') € A x B then
la(p', x', g)| < e. These are the desired open sets. Given (p', x') € A x B, let
O= Y alp', «', o) == t+a(p’, x', ) by Proposition 2.8. If ¢, =alp’, &', ¢)
then |¢)| <€ and a(p', «', ot)) = 0. Since ot € O for |t| <¢ it follows that
ot, € L', ') N o.

The Euclidean and hyperbolic spaces represent the two extremes with re-
spect to the geometric properties of their limit spheres. In Euclidean space a
limit sphere L(p, x) is a hyperplane through p orthogonal to the direction x,
and the corresponding limit ball is the open half-space composed of all geodesic
rays making an angle < n/2 with Ypx- In hyperbolic space P (disk model), a
limit sphere at x is a Euclidean sphere in P that is tangent to the unit sphere
P(e0) at x; the only geodesic in the limit ball is the geodesic Y ox:

We now define a first countable, T! horocycle topology based on limit
spheres for H= H U H(~) where H is any Hadamard manifold. If N is a limit
ball at x € H(e), we call N* = N U {x} an augmented limit ball at x. The fol-

lowing result is Proposition 3.7 of [8].

Proposition 2.11. There exists a unique (horocycle) topology h on H such
that

(1) b induces the original topology of H, and H is a dense open subset
of H,

(2) for each x € H() the set of augmented limit balls at x is a local

basis for b at x.
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If D is a group of isometries of H, we may define a horocyclic limit set
Lb(D); if p is any point of H, then L,(D) is the set of accumulation points in
H() of an orbit D(p) with respect to the horocycle topology h. L,(D) is inde-
pendent of the point p and invariant under D. Ob(D) = H(e) — Lb(D) is the set
of horocyclic ordinary points.

L,(D) need not be closed in H(w) with respect to the cone topology and may
be empty for even quite complicated groups D. If H satisfies Axiom 1, then for
any x € H(w) and any cone neighborhood W of x there exists an augmented limit
ball N* such that N* C W. From this it follows that L,(D) C L(D) (see Prop-
ositions 4.8 and 4.9 of [8]). The result below will be useful later.

Proposition 2.12. Let p_ be a sequence in H converging to x € H(eo) in the
horocycle topology. For any point p € H, d(pn, L(p, x)) — oo.

Proof. Let p € H and let L = L(p, x). For any number ¢ > 0 consider the
limit ball N = N(ac, x) where a= Ypx Since p, — x, in the horocycle topology
p, € N for n sufficiently large. If [ is the Busemann function f, at x, then by
remark (4) following Proposition 2.9, d(p_, L) = |fp, — fpl > |fp,| = |fp| > c - /ol

for n sufficiently large. The result follows since ¢ > 0 was arbitrary.

3. The sets WS, W%, W% and W“¥. Let M= H/D be any complete manifold
with curvature K < 0. For each vector v € SM we define stable and unstable
sets WS(v), Ws°(v), W*(v) and W*“(v). These sets generalize the concept of
stable and unstable manifolds in modern global analysis and coincide in certain
situations, for example if M is compact with K <0 [1, p. 30]. The notation is
intended to suggest this relationship. The stable and unstable sets are useful
tools for the study of the geodesic flow on SM even though it is not clear that
the sets are smooth manifolds.

In this section we define the sets and develop some basic properties of
them.

Unit vectors v, w € SH are weakly asymptotic if y, and y,, are asymptotic
geodesics. v, w are strongly asymptotic if they are weakly asymptotic and if
(v) and p(w) lie on the same limit sphere determined by x =y, (o) =y, ().

v, w are weakly (strongly) unstably asymptotic if — v and — w are weakly
(strongly) asymptotic. Passing to a quotient manifold M= H/D, unit vectors

v, w € SM are weakly asymptotic if they have lifts v*, w* € SH that are weakly
asymptotic. Similarly one defines strong asymptotes and weak (strong) unstable
asymptotes in SM. For a vector v € SM (or SH) let W*(), W¥°(), W), we*(v)
denote respectively the weak, strong, weak unstable and strong unstable asymp-
totes of v. These sets will be referred to as the stable, strong stable, unstable

and strong unstable sets determined by v.
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If ¢ is an isometry of H it follows from Proposition 2.9(3) and the definition
of asymptotes that ¢, W5(v) = WS(¢,v) and ¢, W5(v) = WS(p,0) for any v € SH.
It follows that the stable and unstable sets in SM are projections of those sets
in SH; that is, 7, W*() = W(7,0) for any v € SH, and similar statements are
true for the other three sets. All four asymptote relations are equivalence rela-
tions on the vectors in SM and SH.

Proposition 3.1. Let M= H/D be a complete manifold with K< 0. Let T,
denote the geodesic flow in both SM and SH, and let v € SM or SH be arbitrary.
If A is any setin SM or SH let A denote the closure of A in SM or SH.

(1) Forany t€R, T W) =W)=W(T ) and T W) = W*(T o).

2) If we W(v), then Twe Ww*S(v) for some t € R. L

(3) If v € SM is periodic with period w > 0 and if w € WS(v) then for some
number 0< c<w, T w € W),

(4) If we W(v) (respectively w € W5(v)) then W*°(v) = W**(w) (res pec-
tively W*(v) = W(w)).

(5) W¥= v) == WS(v) and W™~ v) = — W*S(v).

(6) (Continuity of the sets). Let we W (1) (respectively w € W(v)) and
let O be an open set (of SM or SH) containing w. Then there exists an open
set U containing v such that if v' € U then W*3(1') N0 # @ (respectively
ws(J)YN 0#£ @)

(7) If we W), then W**(w) S wos(v). If we W), then WS(w) C W),

Remark 3.2. (1) Analogous results are true for the sets W* and W** in
(1), (2), (4), (6) and (7). The proofs follow from the relations in (5) and the state-
ments for W° and W*°.

(2) In parts (1), (2), (4) and (6) of the proposition it suffices to consider
the case where v € SH. One reduces to this case by keeping in mind the fol-
lowing facts: (a) m,: SH — SM is a surjective local homeomorphism and car-
ries open sets in $H onto open sets in SM. (b) If Tt again denotes the geo-
desic flow in both SH and $M then =z, © T,=T,°n,. (c) Forany v €§H,

7 W) = W(m,v) and similarly the sets W°, W* and W“* in SM are projec-
tions of the corresponding sets in SH.

Proof of Proposition 3.1. We assume in (1), (2), (4) and (6) that v € SH.

(1) It suffices to prove that, for any ¢t € R, T W) C W*(v) = W*(T v) and
Tles(v) < WSS(Ttv). If we T'WS(U) then T_,w € W*(v) and the geodesics
YT _w and y,_ are asymptotic. Therefore y, and y, are asymptotic and w €
W#(v). The same argument shows that W*(v) = W*(T o).

Now let w € W**(v); let x =y () = y,_ () and let / be a Busemann func-
tion at x. By assumption f(y 0) = f(y 0) and, by Proposition 2.8, f(y, 1) =
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—t+{(y, 0 =—1t+f(y 0 =[{y,). Since the points (T w) and (T v) lie on the
same limit sphere determined by x and since T,w € W¥(v) = W*(T ,v) we see that
Twe Wss(Ttu).

(2) Let w e We(v), x = yv(oo) and f be a Busemann function at x. Let ¢ =
f(y,,0) = f(y,0). Then [y, 1) =~1t+[(y,0) =y 0). The points (T w) and pu(v)
lie on the same limit sphere determined by x and since Tw € Ws(v) it follows by
definition that T,w € W**(v).

(3) Let v be periodic with period w > 0 and let w € Ws(v) Let v, be a

sequence in W*(v) such that v, — w. For each n there exists a number ¢_ such
thae T, v € W*(v) by (2). Choose integers @ suchthat ¢ w <t <(a + 1w
and let ¢ =t -a w. Then Tc,,”n =T, —aydn € wss(T _a, wv) = Wss(v) by (1).
Passing to a subsequence let ¢ — c. Then T, Un T w e WSS (v).

(4) This follows immediately from the fact that the asymptote relations are
equivalence relations in SH and SM.

(5) This is a restatement of the definitions of the sets W% and W%%,

(6) Let v € SH, w € W**(v) and let O be an open set of SH containing w.
If x =1y () let p and g be points in H such that w = V(g, x), v = V(p, x) and
g € L(p, x). By the continuity of V (Proposition 1.2), we may choose open sets
A and B of H and H(x) such that (g, x) € A x B and V(4 x B) C 0. By Prop-
osition 2.10 we may choose open sets C and D of H and H(w) such that (p, x)
€eCxD andif (p',x") e CxD, then L(p', YN A4 . If U=V(Cx (B N D)),
then U is an open set in SH containing v since V: H x H(eo) — SH is a homeo-
morphism. If v’ € U, then v'= V(p’, x) for some (p’, x') € C x (B N D). By the
choice of C and D there exists q' € L(p', £) N A, and by the choice of A and
B, V(g', x") e wSs(") N 0.

Now let w € W*(v) and let O be an open set of SH containing w. Choose
t € R such that T w € W**(v), and let U be an open set of SH containing v
such that if v’ € U then W*°(') N TO#@. If v' €U, then W) N 0D
T_WS0) not g.

(7) Let v € SM (or SH) and let w € W$S(v). Let v* € W$S(w) and let O be
an open set (of SM or SH) containing v*. Since Wss(w) N 0 # &, we may choose
an open set U containing w such that, for every v' € U, W$S(u') N0 £ &.

Since w € W>(v) there exists v’ € W$S(u) N U, and therefore W**(v) N 0O =
Wes(v') N 0 £ &. Since O was arbitrary, v*€ WSS(v), and since v* was arbi-
trary, W*S(w) C W*S(v). Similarly one may use (6) to show that if w € WS(»),
then W3(w) C W ().

4. The relationship of the sets W*, W*S, W* and W 10 the geodesic flow
on SM.  We first list some basic properties and dynamical concepts for the
geodesic flow Tt on SM, M = H/D, and relate these to the stable and unstable
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sets. Propositions 4.6 and 4.11 exhibit fundamental relations.

In Theorems 4.14 and 4.16 we formulate the problems of topological transi-
‘tivity and topological mixing in terms of the stable and unstable sets. It seems
very likely that ergodicity and metrical mixing can also be formulated in terms of
these sets, but this has not been investigated. Theorem 4.16 is a corollary of
Theorem 4.15, in which we do not assume that every point of SM is nonwandering.

The method used to investigate topological mixing is a generalization of
that used by Hedlund for surfaces ([11], [12]). The discussion on pp. 248-250 of
[10] is a good geometric description of the importance of the sets W*. Proposi-
tion 4.5 contains the basic idea of this discussion. The existence of a vector
v € SM such that W*5(v) is dense in SM is equivalent to the existence of a tran-
sitive horocycle in Hedlund’s terminology.

Definition 4.1. If v € SM, P*(v) = {w € SM: for any neighborhoods O, U in
SM of v, w respectively we can find a sequence t CR, t, — +oo such that
Tz,,(o) N UZP forevery n}. P*(v) is the positive prolongational limit set of
v [2].

Similarly one defines P~ (v), the negative prolongational limit set of v, by
requiring in the definition above that ¢ — — . w € P*(v) if and only if v €
P~(w). Equivalently one may define P*(v) (respectively P~(v)) to be {w € SM:
there exist sequences ¢ C R and v, C SM such that t,— + o (respectively
t, — -, v —vand Ttnvn — wl.

Definition 4.2. v € SM is nonwandering if v € P*(v) (equivalently v € P~(v)).
Let 2 denote the set of nonwandering points in SM.

Forany v € SM, P*(v), P~(v) and Q are closed subsets of SM invariant
under T,. It is easy to verify the following properties of the geodesic flow. If
t €R and v € SM are arbitrary then

1) Tt(_ v) = - T v,

@) P7=v) == PT), P*-0) =~ P~(),

3) 2=-Q.

The following idea will be convenient in the discussion of topological mixing.

Definition 4.3. Let t, € R be a sequence such that L, >+ ort ——oo.
For vectors v, w € SM we say that v is t_ related to w if for any neighborhoods
0, U in SM of v, w respectively, Tt,,(O) N U# @ for n sufficiently large.

Using the definitions and the facts following Definition 4.2 we easily obtain

Proposition 4.4. Let M = H/D be a complete manifold with K <o.

(1) If v, w € SM, then w € P*(v) if and only if v is t related to w for
some sequence t C R, t, =+ oo,

Q) v is t, related to w if and only if w is - t, related to v.

3) v is t, related to w if and only if - w is t related to - v.
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(4) For each v € SM and each sequence t C R such that t, —+ o0 or
t,— - fw e SM: v is t, related to w} is closed in SM.

(5) For each w € SM and each sequence t C R such that t, — + o or
t, —— oo fv e SM: v is t, related to w} is closed in SM.

©6) vist, related to w if and only if for each subsequence s of t  there
exists a further subsequence r of s and a sequence v C SM such that v —

vand T_ v, — w.
Tp n

Proposition 4.5. Let M = H/D, and let v € SM be t, related to w € SM for
some sequence t, C R, t — + co.

@) If v* e WSS(v) then v* is t, related to w.

2) If w* € W**(w) then v is t, related to w*.

3) If v*¥ e WS*(v) and w* € W¥*(w) then v* is t, related to w*.

Proof. (1) By (5) of the preceding result we need only show that, for any
v* €W(), v* is t_ related to w. By (6) of the preceding result it suffices to
show that for any subsequence s of ¢ we can find a subsequence 7 of s
and a sequence v¥ C SM such that v} —v* and Tr,,”: —w.

Let v* € W°(v) and let a subsequence s_ of ¢ be given. Since v is t_
related to w we can find a subsequence - of s, and a sequence v C SM such
that v, — v and T, U W The sequence T will also work for v*. Let
vip, x) Vg, x) and V(q xn) € SH be lifts of v*, v and v, respectively such
that Vig , x ) — V(q, x) and p € L(g,x). g — q and x_ — x by Proposition
1.2. If a=y,, yand a =y, then a (0) — a'(0) and, by Proposi-
tion 1.4, an(rn) — afe0) = x.

If a =d(p,ar ) we show that la, -7, — 0. Since r_=dlg_, anrn) and
q, — 4 we see that |d(g, a r ) - r,| — 0. By Proposition 2.9, |a - d(q, ar )|
= |dp, a r )-dlq, ar )| — 0 since p € L(g, x) and ar —x. Thus |a_ - 7, — 0.

The vectors TanV(p, anrn) and TrnV(qn, xn) are tangent to H at @ r , and
the angle that they subtend — 0 as n — = by the remark following Proposition
2.1 since d(p, g ) is bounded. If vi=mV(p,ar ), then lim T, v¥=

a,,n

lxmn_w T, JUn = Furthermore, v* — ¥ = ﬂ*V(p, x) since a T, — %. Finally

. * N % -
lim _ T Vn = lim T, v = w. This proves that v* is tn telated to w.

) If "w¥ € VT’W(_T then - w* € - W () = WSS(— w). Since v is t, re-
lated to w, —w is ¢ related to —v by (3) of the preceding result. Therefore
* is t, related to —v by (1)and v is t, related to w*,

(3) This follows immediately from (1) and (2).

-w

Proposition 4.6. Let M = H/D and let v, w € SM.
(1) If we P (W) then W(w) C P*(v).
2) If weP~() then WS(w) C P~(v).
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Proof. We shall prove only (2) since the proof of (1) is similar. Let w €
P~(v) and let w* € W*(w). For some sequence ¢ C R suchthat t — + o, w is

t, related to v since v € P*(w). For some t € R, Tw* € W5w) and T w* is

t_ related to v by the preceding result. Therefore, w* is (¢ + 1) related to v
and v € P*(w*) or w* € P~(v). WS(w) C P~(v) since w* was arbitrary and
P~ (v) is closed in SM.

In Proposition 4.11 we shall clarify further the relationship between p*, p-
and the stable and unstable sets. For this purpose it is useful to characterize
the sets P* and P~ in terms of the action of D on H(w). The following idea is
discussed in [7] and [8] and details may be found there.

Definition 4.7. Let D be a properly discontinuous group of isometries of H.
Points x, y € H(e), not necessarily distinct, are dual relative to D if there
exists a sequence ¢ C D such that ¢ p — x and ¢;1p — y for any point
p €H.

Note that for any point g € H, d(¢ _p, ¢ q) = d(p, q) for every n, and hence,
for any point r € H, lr((bnp, ¢nq) — 0 by the observation following Proposition
2.1. Hence ¢ g — x for any point g € H.

Dual points must lie in L(D) and any point in L(D) has at least one dual
point. It is shown in [7] that the set of points dual to a given point x is closed
in H(w) and invariant under D. The results below are Propositions 2.6, 3.7 and
3.8 of [7]. See also Proposition 8.7 of [8].

Proposition 4.8. Let H satisfy Axiom 1 and let D be a group of isometries
of H such that L(D) has more than two points. Then any two points of L(D), not
necessarily distinct, are dual.

Proposition 4.9. Let M = H/D be an arbitrary complete manifold with K <
0. Let v*, w* € SH be arbitrary lifts of vectors v, w € SM. Then

(1) w € P*(v) if and only if ¥, () and y (- ) are dual relative to D.

(2) w € P=(v) if and only if yv,(— ) and ¥, + () are dual relative to D.

Proposition 4.10. Let M = H/D where H satisfies Axiom 1 and L(D) has
more than two points. Let v* € SH be an arbitrary lift of a vector v € SM. Then
v €Q if and only if Yyloo) and 'y (= ) are both in L(D).

We are now ready to complement Proposition 4.6.

Proposition 4.11. Let M = H/D be an arbitrary complete manifold with K
<0 and let v € SM. Then

(1) P~(v) C W) with equality if and only if v € Q.

) PT(w) C W*() with equality if and only if v € ).
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Proof. (1) Let w € P~(v) and let v*, w* € SH be lifts of v and w. By a
preceding result, y .(- ) and y, .(=) are dual relative to D. Let p = y,+(0),
x = yu.(oo) and choose a sequence ¢ C D such that ¢;1p — yv,(— =) and
},p — ¥, +(=). We first show that ¢ x —y, .(=). It is a standard result that
the sum of the interior angles of a geodesic triangle in H is < #. This result is
also valid if one vertex is in H(=) by the discussion preceding Remark 2.1
of [8]. Thus J 61 Ab, ) + ZI (<,'b‘1p, x) < m. Since J- (¢o'1p, x) +
4 (¢"p, Y, w)’— m, it follows that 4 _ltsp, x) <X (qf)'lp Y, (= ) —

0 by the choice of ¢ . Finally 1 (¢ x, w*(“)‘< A, (@, % ¢,p)+
X (¢ D> ¥y (“))“Iqs l(x p)+ 4 (¢ W00 Yy «(00)) — 0. Thetefore ¢,x —
(oc)

Let g = y,,.(0) and let v _=m,V(g, ¢ x)=m, (e )*u(q_‘);lq, x) =
ﬂ*V(¢ q, x). v, €W () for every n» and v — w = mw* = n*V(q, o ()
since ¢ x — vy, (oo) Hence w € W5(v) and since w was arbitrary in P (),
P~() C WE—W If v €Q then v € P~(v) and WS() C P~ (v) by Proposition 4.6.
Therefore P~(v) = WS(v). Conversely if P~(v) = W$(0) then v € P~(v) since
v €W (v).

(2) P*w) == P (=) C - WS(= v) = W¥(v) by (1), Proposition 3.1 and the
facts following Definition 4.2. If v € P*(v) then W¥(v) C P*(v) by Proposition
4.6. If PT(w) = W*(v) then v € P*(v) since v € W¥(v).

We now define topological transitivity and topological mixing for any com-

plete flow and apply the results above to reformulate these problems for the geo-
desic flow on SM.

If G is a group of homeomorphisms of a second countable, locally compact,
Hausdorff space X then standard arguments show that the following assertions
are equivalent ([6, Proposition 3.4] or [3, pp. 206-207]):

(1) For some x € X, {g(x): g € G} is dense in X.
(2) For any two open sets O, U of X, there exists g € G such that g(0)
NU£LZ.

Definition 4.12. The action of G on X is topologically transitive if either
of the conditions above is satisfied.

If G=T,, acomplete flow, (one parameter group of homeomorphisms) then
we may define a stronger property. Roughly this property says that with respect
to both the past and the future an open set O disperses itself homogeneously
throughout the space X.

Definition 4.13. If T, is a complete flow on X then the action of T, on X
is topologically mixing if for any two open sets O, U of X there exists a num-
ber A > 0 such that, for |t| > A, Tt(O) NULZ.
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Theorem 4.14. Let M = H/D be an arbitrary complete manifold with curvature
K <0 and let Q = SM. Then the following conditions are equivalent:

(1) The geodesic flow is topologically transitive on SM.

(2) D is topologically transitive on' H(o).

(3) For every x € H(w) the orbit D(x) is dense in H(oo).

(4) For some v € SM, WS(u) = SM.

(5) For every v € SM, Ws(v) = SM.

(6) For any two open sets O, U in SM there exists a sequence t, CR,
t, — + o such that Ttn(O) NU#Z for every n.

We shall prove these assertions in the order (1) = (2) = (4) = (6) = (5) =
(3) = (1).

(1) = (2). Let Tz denote the geodesic flow on SM and let v € SM have a
T, orbit dense in SM. If V(p, x) € SH is a lift of v we show that the D orbit of
x is dense in H(x). Given y € H(=) let w = m,V(p, y) and choose a sequence
t,CR suchthat T, v — w. If y= Yv(p,x) then there exists a sequence ¢ C
D such that (¢_o© y) (t,) = V(p,y). Let o be the geodesic given by a (1) =
(¢ oy, + t). Then a (O) — Vip, y) and a (e) = (¢ ° y)ea) = @ ,%- Smce
a (0) = V(OL (0), a,(=)) it follows by Proposmon 1.2 that ¢ x = a (oo) —y.
Therefore y E D(x), and we are done since y was arbitrary.

(2) = (4). Let x € H(=) be chosen so that D(x) is dense in H(x). Fix a
point p € H and let v = 7, V(p, x). We show that WS(v) is dense in SM. Let
w € SM have a lift V(q, y) € SH. Choose a sequence ¢> C D such that ¢ X =y
and let w =m,V(q, ¢ x)= n*V(qS 4, x). By the continuity of V, w_ —w and

w € Ws(v) for every integer n.

(4) = (6). Let v € SM be given such that Wf_) =SM. Let v', w' be any
vectors in SM and let w_C W®(v) be a sequence converging to w’. Since W )
= W) and Q= SM, it follows by Proposition 4.11 that P~ (w_) = Ws(w )= SM
for every n. v' € P~ (w ) or w €P *@'") for every n, and therefore w' e P
since w, - w' and P*(v ) is closed. We have shown that P*(u') = SM for any
v' € SM. This is a restatement of (6).

(6) = (5). Forevery v € SM, W*(v) = P~(v) since Q= SM. Since P'(v) =
- P7(~v) and SM = - SM, it is clear that (6) and (5) are equivalent statements.

(5) = (3). Let x,y be any two points of H(w). Let p be any point in H
and let v =7, V(p, x), w=n,V(p, y). Since w € WS(v) = SM there exists a se-
quence v C WS(v) such that v, = w. Choose a sequence ¢ C D and a se-
quence p C H such that ﬂ*V(P ¢,x)=v, and V(p_, ¢ x) —V(p,y). By Prop-
osition 1. 2 ¢,x —y and the result is proved since x and y were arbitrary.

(3) = (1). In the proof that (6) = (5) we also showed that (5) = (6). (6)=
(1) by one of the equivalent definitions of topological transitivity. We need only
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show that (3) = (5), and this follows exactly as in the proof of (2) = (4).

For a manifold M = H/D let Q* = Uy eq
(1) and (2) and the fact that TIQ = () for every t € R it is easy to show that Q*
= UUEQWSS(U).

W*(v). Because of Proposition 3.1

Theorem 4.15. Let M = H/D be an arbitrary complete manifold with K < 0
and let Q C SM contain a periodic vector. Suppose that, for every v € Q, QC
m and that, for some v € Q, Q C W¥°(v). Then

(1) For any open sets O*, U* of SM such that O*N Q* £ & and U*N Q*
£ @& there exists A>0: t> A implies T0M) N (UM £g.

(2) For any open sets O*, U of SM such that O*N Q* £ @& and UN Q £
@ there exists A >0: t> A implies T (0%) N U# &.

(3) For any open sets O, U of SM suchthat ON Q£F and UN Q£ &
there exists A > 0: |t| > A implies T(0) N U#g.

Since W(v) C W*(v) for any v € SM we obtain as an immediate corollary of

this result and the preceding one:

Theorem 4.16. Let M = H/D be an arbitrary complete manifold with K < 0.

Suppose that Q) = SM, Q contains a periodic vector, and for some v € SM, W5 (v)
= SM. Then the geodesic flow on SM is topologically mixing.

Remark 4.17. If M is compact then it is always true that Q = SM and Q
contains a periodic vector. The condition () = SM may be implied by the condi-~
tion WSS(v) = SM.

Before proving Theorem 4.15 we need the following

Lemma 4.18. Let the hypotheses of Theorem 4.15 be satisfied and let v* €
Q be periodic. Then Q C W°(v*).

Proof. Choose v € Q such that W°(v) D Q. If w > 0 is the period of v*
then, for some number 0< ¢ < w, Tvew WSS(u*) by Proposition 3.1 and the fact
that v € Q C WS (™). By Proposmon 3.1, (7) WSS(T v) C W(v*). However, Q

—TCQQ T.W W i_W“(TCU;

Proof of Theorem 4.15. (1) It suffices to show that for any vectors v*, w*

€ * and, for any sequence t,C R, t — + oo there exists a subsequence s, of
t, such that v* is s  related to — w*.

Let there be given a sequence t,CR,t —+oo. Let v €] be periodic
with period w > 0 and choose a subsequence s, of t suchthat T_ v — T v
for some 0<c <w. Clearly v is s, related to T _v. By Proposmon 4. 5(3) our
result will follow if we show that Q* C W) and - Q* C W*(T _v). By Lemma
4.18, QC W5S(2). For any vector w € 0, WS(w) C W‘s(v) by Proposumn 3.1(7).




GEODESIC FLOWS ON NEGATIVELY CURVED MANIFOLDS. 1I 75

Therefore, (* = UwenWss(w)g W*S(v). Similarly, W“"(ch) =—Wss(- ch)
=— W*S(T__(- v)) by previous facts about W** and T,. Since T__(-v) is pe-
riodic, 0% C WS(T__(- v)) by Lemma 4.18 and the argument above. Therefore
- Q* ¢ WTHT o).
foveUNQthen —ve-UN-Q==-UN QC-UN Q* We now apply (1).

(2) Let O*, U be open sets in SM such that O*N Q* £ & and UN Q# g.

(3) Let O, U be open sets in SM suchthat 0 N Q # & and UN Q£ &.
By (2) there exists A >0 such that t > A, implies Tl(O) NU#@P. Since Q =
-Q,-0N Q4@ and -UN Q#gF. Using (2) again we may choose A, >0
such that ¢t > A, implies & # T0)NE0=-T_(0)N -U=- {T_I(O) N Ul
Thus T_(0) N U#g for t>A,. If A=max{A, A} then T,(0) N U+#&
for |t| > A.

Theorems 4.14 and 4.16 suggest a promising way to investigate metric prob-

lems of the geodesic flow. For example, is the geodesic flow ergodic (metrically
mixing) if it is true that, for every W* invariant (W*° invariant) set A C SM,
either A or SM — A has measure zero with respect to the natural flow invariant
measure on SM? Hedlund [11] used this method to prove that the geodesic flow
on a surface of constant negative curvature and finite area is metrically mixing.
See also the related papers of E. Hopf ([13], [14]).

In [6] we considered Riemannian manifolds M without conjugate points such
that the simply connected Riemannian cover H satisfies the uniform Visibility
axiom (Definition 1.6), and we showed that if Q = SM then the geodesic flow is
topologically transitive on SM. Although the law of cosines no longer holds in
H the uniform Visibility axiom implies those consequences of the law that are
needed to prove topological transitivity on SM. One may define H(e), topologize
H=H u H(x), define limit sets and prove the basic results listed in §1 of this
paper.

We encounter difficulties at an early stage if we try to use the method of
limit spheres to prove that the geodesic flow is topologically mixing on SM if
1 = SM and if M is of the type above. To define limit spheres in H that possess
the nice properties listed in Proposition 2.9 and the facts preceding Proposition
2.10, it is crucial to prove that the a function of Definition 2.5 is continuous.
The proof of the continuity of @ depends on the fact that the functions B, — B
uniformly on compact subsets of SH x H, and this result depends on special
trigonometric properties of H implied by the law of cosines. Lacking the law of
cosines in H it is not clear that the uniform Visibility axiom is strong enough to

define limit spheres with nice properties for each point x € H(s).
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5. Theorems for the existence of a vector v € Q such that Q C W**(v), and

the classification of such vectors.

Theorem 5.1. Let M = H/D be any complete manifold with K < 0. Suppose
that ) is nonempty and that Q C W¥(w) for every vector w € Q. Then there

exists a vector v € Q) such that Q C W(v) if either of the following conditions
is satisfied:

(1) There exist periodic vectors v, v' € Q with periods w, ' such that
w/w' is irrational.

(2) There exist periodic vectors in ) with arbitrarily small periods.

Proof. (1) Let v, v’ be periodic vectors with periods w, w’' such that w/w’

is irrational. We first show that v’ € WS(v). Let O be a neighborhood of v’ €
SM and choose ¢ > 0 such that Tlv' € O for — €<t <e. For any real number r
let [r] be the unique real number such that 0< [r] <1 and 7 - [r] is an integer.
Since w/w' is irrational the numbers {[nw/w'): 7 is an integer} are dense in the
interval [0, 1]. By Proposition 3.1 there exists a number 0< ¢ < @ such that
ch' € W*(v) since v’ € @ C W(v). Choose integers a, b such that |c/w’ -
aw/w' - b| < €/’ of |c - aw - bw'| <e. If 0=c-aw-bw' then Tyv' €0 by
the choice of € and Ty’ =T, i, v = T, _ awv' €T _,u W“(v) =WS(T__ ) =
WSS(U) Therefore W) N O £ & and v’ € W) since O was arbitrary.

We now show that Q C W*S(v). Let w be any vector in Q. w € Q C WS(v')
and by Proposition 3.1 there exists a number 0 < ¢’ < ' such that T we
WeS(v") or equivalently w € WSS(T_C,Ul). T__c,v' is periodic with period w’' and
by the arguments above T_c,v' € W{). By Proposition 3.1(7), w € WSS(v)
and Q C W°(v) since w was arbitrary.

(2) Let v e ) be periodic with period w > 0. We show that for every ¢ € R,
Tue WS(). Let ¢ € R be fixed and let €> 0 be given. Let v* be a periodic
vector with period 0 < w* <e. By Proposition 3.1 there exists a number 0 < c <
@ such that T _v* € WSS(T__IU). Similarly there exists a number 0<d < w* such
that T v € W**(T vij Therefore T v € W**(T_ ) = T_ W) or T )
Wss(v) Since 0< d < e and ¢ was arbltrary, it follows that Ty e W), Ty
€ W**(v) for every t € R since t was arbitrary.

We show that Q C W°(v). Let w be any vector in . For some number
0<c<fow, Tuwe W) or we W=*(T__v). Since T__v € W*(v) by the argu-
ment above it follows from Proposition 3.1 that w € WS (v).

Theorem 5.2. Let M= H/D where H satisfies Axiom 1 and let Q = SM.
Then there exists v € SM such that WS(v) = SM

We shall need the following
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Lemma 5.3. Let H satisfy Axiom 1 and let x € H(=). If [ is any Busemann
function at x and if o is any geodesic in H such that o() £ x then f(ot) — o

as t — oo,

Proof. Clearly the restriction that o) # x is necessary by Proposition 2.8.
Let o be a geodesic in H such that o{=) £ x, and let B be a geodesic in H such
that B(- o) = o{) and B(x) = x. By Proposition 2.8 f(Bt) = f(B0) - ¢ and hence
f(Bt) = + = as t — — =. The geodesics o and B~ ! (r — B(~ 1)) are asymptotic.
Since f is convex either f(0t) — = as t — = or f(g1) is monotone nonincreasing
in t. By Proposition 9.8 of [4], f(0t) — « as t — .

Geometrically this result means that Yox is the only geodesic starting at p
that is contained in the limit ball N(p, x). This property has already been noticed
for the limit balls of hyperbolic space. One may show, in fact, that if this prop-
erty is satisfied for all points x € H(w), then Axiom 1 is satisfied in H.

Proof of Theorem 5.2. We begin by showing that for any two open sets O, U
of SM there exists v € O such that W¥S(v) N U # . Let open sets O, U of SM
be given and let V(p, x) € (7))~ H0), Vig, y) € (n*)'l(U). Since Q = SM it follows
from Propositions 4.9 and 4.10 that L(D) = H(e). By Proposition 4.8, x and y
are dual relative to D, and we may therefore choose a sequence ¢n C D such
that for any point r € H, ¢ r— x and ¢ ' — y. It follows from Proposition
2.9 that given two points a, b in H, if x € H(eo) is a limit of points in H equi-
distant from a and b then L(a, x) = L(b, x). Such a point x always exists since
the equidistant set is noncompact. For each n let x  be any point in H(e) such
that L(p, xn) = L(qS”q, x").

We shall establish the following facts: (1) x, = x, (2) 14(¢;‘p, ¢;1xn)
=0, 3) 4 (¢ 1% ,y) —o0.

(1) Let t >0 be fixed and, for each n, let %= Yob,ar For n sufficiently
large ¢ < d(p, anq) and we see by the convexity of the Busemann function [
r— alp, x_, r) that alp, x,, 0 1) < maxfalp, x5 ), alp, x,é q)l=0. Passing
to a subsequence let X, — z€ H(s0). If 0= Yox then ot —ot since ¢"q — x.
alp, z, 0t) < 0 by the continuity of a. If [/ is the Busemann function: r —,

a(p, z, 1), then f(at) < O for all t> 0 since ¢ was arbitrary. By the preceding
lemma x = o) = z. X converges to x since every convergent subsequence of
X~ converges to x.

(2) If y" = yl’"n, then (b;l oyn = yd’ﬁlP(ﬁﬁlxn'
to show that d(q, ¢;‘ °y,) — . We shall show that d(g, ¢;‘ °y,) =d¢ g, y,)
>t /2 where t,=dp, ¢ q). If 0<t< t /2 then dé q, Yat) 2. /2 by the tri-
angle inequality. Let ¢ > ln/2 and let /n be the Busemann function: r _,
alp, X r). Then 0 = /n(qS"q) = /n(yHO) and by Proposition 2.8, d(qbnq, ynt) >
l/,,/(f,,q) L0 = 10l = £ 20, /2. Hence dlg, g7 1 oy, ) = dig g, y,) >
tn .

By Remark 1.7 it suffices
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(3) Since ¢ 'p —y, Jq(¢;‘p,y) — 0. Therefore /Iq(qS;lxn, y) <
X (p7tx b7 10) + X (B0, y) — 0.

By (3) it follows that ¢;1xn — y and hence V(q, ¢;1xn) — V(q, y). Since
x, — x we see that for n sufficiently large V(p, x ) € (m,)~ 1(0) and
Vig, ¢ 1x ) € (m)"1U). V( g, %) =(p ), V(g g7 x ) e WS(V(p, x ). If
v, =mV(p,x ) and w =mV(q, ¢;lxn), then for n sufficiently large v_ €0
and w_ € Wss(vn) N U.

We now complete the proof of Theorem 5.2. Let O be a countable basis
for the topology of SM and let O be any open set in SM. By the argument above
€ O such that W**(v ) N O # g. By Proposition 3.1 we can
| €A, and, forevery v € A, W) N O, £ g.

We may assume that 711 C O and Zl is compact. Inductively we construct a se-

there exists v,

find an open set A such that v

quence of open sets A, such that Al. < Al._ and a sequence v, of unit vectors

such that v, € A, and, for every v € A4, Ws‘l(v) N 0,#g. The sets Zi have
the finite intersection property in the compact set A and hence there exists
w € n:.:l /—11.. Since /_il. CA, |, W) N O,£g forevery i. Therefore SM
=W=w).

We showed in Theorem 4.14 that if Q = SM and if WS() = SM for some v €
SM, then W*(v) = SM for all v € SM. The corresponding statement for the sets

11

WSS is false. In fact, in the case where Q is arbitrary and H satisfies Axiom

1, we classify the vectors v € (1 such that 2 C W*°(v), assuming that such vec-
tors exist. Hedlund obtained a partial classification in [12] for the case that M
is a surface of constant negative curvature such that ) = SM. See also the dis-
cussion of dense horospheres by Anosov in [1, p. 31]. As a corollary of our
classification we shall show that if M = H/D where H satisfies Axiom 1, then
M is compact if and only if W*°(v) = SM for every v € SM.

Definition 5.4. Let M = H/D be an arbitrary complete manifold with K < 0.
A unit speed geodesic a of M is almost minimizing if there exists a number
¢ > 0 such that d(a0, at) >t -c for every t> 0. v € SM is almost minimizing

if y, in an almost minimizing geodesic in M.

Theorem 5.5. Let M = H/D where H satisfies Axiom 1 and suppose that
QC W) for some v € Q. If weQ, then Q C WS(w) if and only if wis not

almost minimizing.

We shall need the following result, which is Proposition 7.4 of [8].

Proposition 5.6. Let M = H/D be an arbitrary complete manifold with K <
0. Let a be a geodesic in M and let B be any lift of a to H. Then a is al-
most minimizing if and only if B(x) € 0,(D) = H(eo) - L, (D), the horocyclic
ordinary points.
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Proof of Theorem 5.5. We first show that if Q C W*°(y) for some w € Q,
then w is not almost minimizing. Suppose that @ C W*S(w) for w € Q and let

V(p, x) be a lift of w. By Proposition 5.6 we must show that x € L (D), and to do
this it suffices by Proposition 2.11 to show that for any limit ball N at x there
exists ¢ € D such that ¢p € N. Let N = N(q, x) and ¢’ € N be given. Since
w* = mV(g', x) € W(w) it follows that w* € T W**(w) = W**(T w) for some num-
ber t. Hence Q=TQC T W w) = W*(T,w)= W**(w*). Let w_ W”(w*) be
a sequence converging to w, and let V(q ) x) be a lift of w Such that q €
L(g' ,x). Choose a sequence @, C D such that () V(q ,x) =Vig, q , anx)
— V(p, x). By Proposition 1.2, d(anqn p) = d(qn, b, p) — 0. If { is any Buse-
mann function at x then |f(¢] ‘p) - 1@ = Ifp; 0 - flg ) < dp"p, q)) — 0.
Since ¢’ € N, f(g') < /(g) and hence for n sufficiently large /(¢;1p) <{(q) or
@7 'p €N. Therefore x € L,(D).

Let w € ) be not almost minimizing; we will show that £ C WSS(w). First

we will prove that there is a periodic vector w* € W*(w). Let V(p, x) be a life
of w. x € Lb(D) by Proposition 5.6, and there exists a sequence ¢_C D such

that ¢np — x in the horocycle topology. Passing to a subsequence, let qS;lx
—y € H() in the cone topology. Since Q # @ there exist two distinct points in
H(w) that are dual relative to D by Proposition 4.9. Since dual points lie in L(D),
L(D) has at least two points and by Theorem 8.10 of [8] M = H/D contains a
closed geodesic a of period w > 0. Let y be a lift of @ to H and orient y so that
=) £y. Choose ¢ € D such that ¢(yt) = Ut + w) for every ¢t € R. If { is any
Busemann function at x then /(¢np)——' - since ¢ p — x in the horocycle to-
pology. Since |/(¢"y 0) - /(anp)l < a'(¢>"y0, ¢tnp) =d(y0, p) for every n, it follows
that /(¢ny0)—° —c and ¢ y0 -— x in the horocycle topology. For n sufficiently
large /(¢ y0) <0 and @ A=) £ x, and it follows by Lemma 5.3 that there exist
numbers ¢ >0 such that ¢ yt € L(p,x). By Proposition 2.12, t_=

d(e,y0, ¢ n,)>d(¢ 0, L(p x)) — . Since y £ Y) it follows by Proposition
1.5 that 6,70, P, y0, x)= X” (y0, ¢'1x)—’ 0, or in other words, the angle

subtended by V(qS Y x) and V((,b v, b, ¥0) — 0. Choose positive integers a
andnumbersO<c <wsuchthatt =c,+a o Ifd——awandl,ll =¢,°
#°" then vig rt, qS y0) = (¥ ) V(yc ,yd") Passing to a subsequence c,—¢
and V(yc ,ya' ) L V(yr Y= oo ) = - y'(c) since d — - If w =
(l/I;l)*V(cﬁnytn, x) . then by passing to a subsequence w — - y' (o). maw, €
WeS(w) since @ yt € L(p,x)and muw — -my'(c)==a'(c). Hence w* =
—a'(c) e WSw).

Next we show that @ CW¥(w*). Arguing as in the proof of Theorem 6.2 in the
next section we need only show that L(D) has more than two points. Choose
v € Q such that @ C W**(v) and let v*€ SH be a lift of v. x =y, () € L(D)
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since x and y,.{- ) are dual by Proposition 4.9. (7,)~1Q C (n*)"IWss(u).g
U¢>€D WS(¢,v*). If L(D) had at most two points then x would be a common
fixed point of D by Theorems 8.9P and 8.9A of [8], and we would have (7,)~1Q

C WS(v*). Since - v* € (m,)"1Q — WS(v*) L(D) must have more than two points.

Since v € Q C WS(w*) and w* has period w > 0 there exists a number 0 <
c <w such that T_v € W$*(w*). Finally Q=T QC T W)= W= (T v) C
WS (w*) C W(w) by Proposition 3.1(7).

6. Applications. We now apply the results of the earlier sections to Visi-
bility manifolds M = H/D (H satisfies Axiom 1) .

Theorem 6.1. A Visibility manifold M is compact if and only if W*°(v) = SM
for every v € SM.

Theorem 6.2. Let M = H/D be a Visibility manifold. If either of the following
conditions is satisfied then conclusions (1) through (3) of Theorem 4.15 are true:

(1) SM contains periodic vectors v, v' with respective periods w, w' such
that w/w' is irrational.

(2) SM contains periodic vectors with arbitrarily small periods.

Theorem 6.3. Let M = H/D be a Visibility manifold such that Q = SM. Then
the geodesic flow is topologically mixing on SM.

Theorem 6.4. Let M = H/D be a compact manifold with K < 0 such that H
admits no isometric, totally geodesic imbedding of the plane R?. Then the geo-
desic [low is topologically mixing on SM.

Theorem 6.5. Let S ={Visibility manifolds M = H/D of dimension n > 2
such that the geodesic flow is topologically mixing on SM}. Then S, is closed

under nontrivial normal (Galois) Riemannian coverings for each n > 2.

Proof of Theorem 6.1. If M is compact then Q = SM. This follows since
any compact Riemannian manifold M has finite measure with respect to the nat-
ural flow invariant volume element on SM. By Theorem 5.2 there exists v € SM

such that W*°(v) = SM. Since M has finite diameter, SM contains no almost

minimizing vectors, and by Theorem 5.5, W**(v) = SM for every v € SM.

We now suppose that W°(v) = SM for every v € SM. First we show that
Q = SM. In Theorem 4.14 the proof of (5) = (3) did not use the hypothesis that
1 = SM. Hence D(x) is dense in H(w) for every x € H(x). To show that Q =
SM it suffices by Proposition 4.9 to show that any two points x, y € H(x) are
dual relative to D. Let x, y € H(=) be given. Let z be a point in L(D), and
let z* be a point dual to z. By Proposition 2.2 of [7], z is dual to any point

in D(z*) = H(e). In particular z is dual to x. Since y € D(z) = H(), x is dual
to y by the same argument.
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Since {} = SM, SM contains no almost minimizing vectors by Theorem 5.5.
To conclude the proof it suffices to show that any noncompact, complete manifold
M contains an almost minimizing vector in SM. If M is noncompact and complete,
then for any point p € M we can find a sequence ?, C M such that d(p, pn) — 0
by the Hopf-Rinow theorem. Let y be a shortest geodesic from p to p ~and let
v, = y': (0). Passing to a subsequence let v — v € M,. If y=y, then d(y0, yt)
=t forall t >0, and v is an almost minimizing vector.

Proof of Theorem 6.2. Because of Theorems 4.15 and 5.1 it suffices to show
that © C WS() for every v € {). We show first that L(D) has at least three points
under either hypothesis (1) or (2). If L(D) is a singleton, then by Proposition
8.9P of [8] there are no periodic vectors in SM. If L(D) has only two points,
then by Proposition 8.9A of [8], D & 7 (M) is infinite cyclic and the periods of
the periodic vectors in () are integer multiples of a smallest period. Therefore
if either (1) or (2) holds then L(D) has at least three points.

Let v, w be any two vectors in () with respective lifts v*, w* € SH. By
Proposition 4.10, y, (- ) and y _.(e) are in L(D) and by Proposition 4.8 they
are dual. By Proposition 4.9, w € P™(v) and since v, w were arbitrary ) C
P~(v) forevery v €Q. If v €Q then W(v) = P~(v) and therefore Q (A
for every v € Q.

Condition (1) is very likely to be satisfied for a Visibility manifold M = H/D
such that 1 # & and 7 (M) is not infinite cyclic. By Theorem 8.10 of (8], M
contains infinitely many distinct ‘‘inequivalent’’ closed geodesics.

Proof of Theorem 6.3. By Theorem 8.10 of [8], SM contains a periodic vec-
tor, and by Theorem 5.2 there exists v € SM such that W$5(v) = SM. The result

now follows from Theorem 4.16.

Proof of Theorem 6.4. By Theorem 4.1 of [6] if M = H/D is a compact mani-
fold with K < 0, then H satisfies Axiom 1 if and only if H admits no isometric,
totally geodesic imbedding of the plane R?. The result now follows from Theo-
rem 6.3.

Proof of Theorem 6.5. It follows from Theorem 6.3 and the equivalent de-
finitions of topological transitivity that for a Visibility manifold M = H/D the
condition {) = SM is equivalent to the conditions that the geodesic flow be topo-
logically mixing or topologically transitive on SM. From Proposition 4.10 it fol-
lows that, for a Visibility manifold, = SM if and only if L(D) = H(). Given
n>2, lee M=H/D € §, and let M ' be any normal (Galois) covering of M. M’
= H/N where N is a normal subgroup of D. By Proposition 9.12 of [8] and the
discussion above L(N) = L(D) = H(x). Therefore Q= SM' and M' € §, by Theo-
rem 6.3.

Remarks. (1) In Theorem 6.5 the set §, contains many noncompact mani-

folds of infinite volume. For example, if M is a compact orientable surface of
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genus k >2 then M admits a metric with K=~1. If M ' is the normal covering
surface whose fundamental group is the commutator subgroup of 7 (M), then M !
has infinite area. M and M’ are in S,

(2) Let M = H/D be a complete manifold with K < 0 whose geodesic flow
on SM is topologically transitive. The topological transitivity condition is a
very strong one as is shown by Theorem 4.14, among other things. It seems very

likely that H must satisfy Axiom 1, at least if M is compact.
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